Exemplars

Baffling Bacteria

We have studied bacteria and know that they reproduce by
fission or simple cell division. Streptococcus bacteria cause the
well-known iliness, strep throat. The bacteria can reproduce
every 20 minutes.

According to a published source, if these bacteria continue
unchecked, at the end of 24 hours this colony of bacteria would
have a mass of 2 million pounds! Needless to say, this could
not really happen in your throat.

If you inhaled a single strep bacterium today at noon and it
reproduced, unchecked, every 20 minutes, at approximately
what time would the colony outweigh you?
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Exemplars

Grade Levels 6 -8
Baffling Bacteria

We have studied bacteria and know that they reproduce by fission or simple cell division.
Streptococcus bacteria cause the well-known illness, strep throat. The bacteria can reproduce
every 20 minutes.

According to a published source, if these bacteria continue unchecked, at the end of 24 hours
this colony of bacteria would have a mass of 2 million pounds! Needless to say, this could not
really happen in your throat.

If you inhaled a single strep bacterium today at noon and it reproduced, unchecked, every 20
minutes, at approximately what time would the colony outweigh you?

Context

We had been studying exponential growth in math and monerans in science. | wanted to
connect these two concepts in the students' minds. In reading a reference book on bacteria, |
came across the weight statistic in the task. | thought that students would be particularly
engaged in this task if it related to them personally, which is why | wrote the question as | did.

What This Task Accomplishes

This task connects two curricular areas: it encourages students to recognize exponential growth
and to use the powers of two to find a solution.

What the Student Will Do

Students will use their knowledge of the powers of two or binary numbers, to solve this task
once they discover that they are working with numbers too large for their calculators. They will
eventually discover that the colony of bacteria weighing 2,000,000 pounds at the end of 24
hours will weigh 1,000,000 pounds 20 minutes earlier. They can then work backwards until they
approach their own weight.

Time Required
45 minute

However, some of the students worked beyond that time to word process their write-up and use
computer programs to create graphs and tables of their results.

Teaching Tips

Baffling Bacteria
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If students have not been taught binary numbers, this task may well be too frustrating for them.
| believe it is a good test of their comprehension of this concept once they have been taught it.
Many seventh grade students study bacteria in life science classes, so you might want to
coordinate with the Science teacher on this task. The NCTM Addenda Series on Patterns and
Functions has a series of lessons on exponential growth that | used prior to this task. You might
want to take a look at that resource.

| also realized that some of my less-able students would have a very difficult time with this task,
so | wrote an alternative task for those with fewer abilities. | gave this out to those students who
expressed high levels of frustration after an initial investigation. All of the Exemplars work is in
response to the original task. | have included the modified task to give you an idea of one way
to adapt a task to ensure equity of access for all students.

Baffling Bacteria - modified

The bacteria that cause strep throat can reproduce by fission every 20 minutes. If you inhale a
strep bacterium at noon today, how many will have been produced by the time you go home at
2:00 o'clock? How many will there be by 6:00 o'clock tonight? How many at midnight? Your
calculator can not calculate the number that will have been produced by noon tomorrow so can
you find some way to express this number without the aid of the calculator?

Suggested Materials

Scientific calculators

Possible Solutions

The exact solution depends on the weight of the student. All my students would be outweighed
between 7:00 am and 7:20 am the next morning.

Benchmark Descriptors

Novice

The students in this group missed the concept of doubling and exponential growth. They may
have had the concept of the time slots, but that was generally it. Many of them did have some
mathematical representation that they had used in an effort to find a solution. The exemplar
student understood about the 20-minute time blocks required for the bacteria to double. The
student confused 20,000 with 2,000,000 as the number of bacteria at the end of 24 hours.
Beyond that, the student did not understand the concept of doubling as evidenced by going
"down by 1,000s".

Apprentice

There were a number of reasons why a student fell into the Apprentice category. Many of them
simply made a number of calculation errors due to the fact that their calculators were not
scientific and could not handle the size of the numbers. They were not able to recognize the
errors of their thinking or did not recognize the exponential growth factor, so did not question
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their inaccurate solutions.

The exemplar in this group was interesting to me, as | believe that this student understood the
task and was able to get an accurate answer, although the student only "thinks" the solution is
correct. It seems evident that either this student was coached in making the growth chart or was
simply trying to regale us with great wisdom in trying to explain the rule of exponential growth -
which is inaccurate and not followed. The graph is also rather interesting as it shows us nothing
of importance in understanding the solution and was not used in finding the solution. The hand
done chart seems to be what the student used to find the solution (in class) and is accurate. In
this case the computer work detracted from the student's solution.

Practitioner

These students all tended to understand the task, but made mistakes in their calculations or
had errors in reasoning that prevented them from getting correct solutions. The exemplar piece
represents some good logic in dealing with numbers too large for the calculator. By a careless
error, the calculations were all off by one 20-minute period, so the solution of 6:50 is inaccurate
as is evident in the accompanying table. This student has some interesting mathematically
relevant comments as well.

Expert

These students immediately recognized the connection between cell division and exponential
growth. They began working backward at once and frankly solved the problem in record time.
The challenge for them was to use good mathematical language and representation in
describing their solutions. The exemplar of this group verified the result through calculating a 61-
pound colony's growth from 7:00 am until noon to see if the result would be the two million
pounds stated in the task. The result was very close. While this student had a brief write up,
there was strong mathematical language and a good table showing the resulting doubling of the
colony of bacteria.

Baffling Bacteria
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Novice

BQ‘FWC)W@ Bo\c_‘—d@x

Tos R write-op

T Solved +his problem by wnting
o list of +imes Hhat were m{fj &0
Mnotes long . The +ipe Chanﬁe.s cuerj
20 Mindtes beaxvse thats qu'?Cn_
%6 bader[v\ reprodocas D(j ‘FlSSfon.
T started ot \2.00 noon T 1] 1R conn!
A+ v end of U hoors Hheres dowo.
Poonds of vacterial 50 T hod 4o
coont Oown Lfrom 20,000 by 10007
Haen 1005 Hen [0005  ouned ended up with
|7, 1835 728 PCoondsof bacterial T sefved
Hnis pro\o\Cm W Yoot Hhe aicl of
HAe codcolater

] Confuses 20,000 with
Counting down by 1,000’s 2,000,000 Ibs.
T am not sure why it is a good shows misunderstanding
thing not to use a calculator! of doubling.
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Novice

130 \f‘f‘j Bmc+cr}&,

A+ “an endo[ Du Inodrs ch('e ' S Qo’ooo
povnds of bacterial

A4+ 12:00 - 1188578 (o0 - 500
At Q0 -wamsr H.50 -6

At 132 U0 - b, 175538 e 4 4o - 7ov

At | ‘00 - 68 719428140 SO0 -§00

A"” | ! 3.0 — 44,920,987 93¢ 5:20 -9c00

I am confused as to
/4+ I . qo_ aW3(9 =7'40am 51490 = i , Coo [what is happening here}
»

What is 24x36=7:40.
| 9

At 3 to0-67-69 = b.00 —R,000

A+ 47:3 O -.aq S 6 :ao - 3’000 [Wheredingcomefroma
42 4o-5% Yo~ U eoo

A+ 3: OO - 00 7 '.oo—Slooa

4t 3220~ oo ) I307 6,002
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Novice

At 8:00-8 000
At &30 - G000
AT &: 4o -lo, 000
At 9:00 =[] 000
At A:30~ 13, 000
AT9./40 - 13,000
/Hlofoo—lLf,OoO
At 10:30 - |5, 000
At 10:40- (6,000
At 11'00- (7] voo
AT 1120 -1, 0co
At - Ho- |9, 000

At 15:00 - 20,000
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Apprentice

This is a write-up on the math portfolio piece Baffling
Bacteria. The problem was this- if the virus multiplied 72
times in 24 hours and weighed 20000001bs at the end of the
24 hours at what time would the colony outweigh you? First I
took a sheet of paper and worked backwards from 2000000 at
12:00pm to 1000000 at 11:40 and so forth. Then I typed it up
on the computer to see it better. Looking at the information
I1'd gathered I formed a general rule: the sum of the powers
of 2 up to n is 2 raised to the power of n + 1 then minus 1
= the total amount of the supposed bacteria in your throat.
Like, if you had 2 to the 5th and you wanted to know what
the total was? You would take 32( 2 to the 5th) times it by
2, and so raising the power from 2 to the 5th to 2 to the
6th, and subtracting 1. So in the end what you have is the
total amount of bacteria when they have reproduced 5 times
is 63. Because 2 raised to the 5th is 32, 1 + 2 + 4 + 8 + 16
+ 32= 63 and 2 raised to the 6th is 64 - 1 = 63. Then I
found the time at which the chart showed it corresponds
with my weight.(7:20) Then I made a graph showing how the
bacteria got progressively heavier. I conclude with the
analysis that working forwards from 12:00pm to 12:00pm the
next day I think at approximately 7:20 the bacteria will

equal my weight.
The general rule is very confusing
and not appropriate to the task.

Baffling Bacteria
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Apprentice

0:00 +

21:00 4

L

18:00

1

15:00 +

12:00 -+ Needs labels. Needs intervals on “x”.
What does this graph show?

— Time of day — #of bacteria — Total#
= Weight of bacleria —

Baffling Bacteria
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Apprentice
Time of day # of bacleria Tolal #
12:00 1 1
12:20 2 3
12:40 4 7
1:00 8 15
1:20 16 31
1:40 32 63
2:.00 64 127
2:20 128 255
2:40 256 511
3:00 512 1023
3:20 1024 2047
3:40 2048 4095
4:00 4098 8191
4:20 8192 16383
4:40 16384 32787
5:00 32768 65535
5:20 85536 131071
5.40 131072 262143
6:00 262144 524287
8:20 524288 1048575
8:40 1048578 2007151
7:00 2007152 4104303
7:20 4194304 8388607
7:40 8388608 16777215
8:00 16777218 33554431
8:20 33554432 67108863
8:40 67108864 134217727
9:00 134217728 268435455
9:20 268435456 538870811
9:40 538870912 1073741823
10:00 1073741824 2147483847
10:20 2147483848 4204987205
10:40 4204087296 8580034591
11:00 8589934582 17179889183
11:20 17179669184 343597383687
11:40 34359738388 68719476735
12:00 68710476738 1.37430E+11
12:20 1.37430E+11 2.74878E+11
12:40 2.74878E+11 5.49758E+11
1:00 S5.49756E+11 1.090951E+12
1:20 1.00951E+12 2.19902E+12
140 2.19002E+12 4.30805E+12
2:00 4.30805E+12 8.79609E+12
2:20 8.70800E+12 1.75022E+13
240 1.75022E+13 3.51844E+13
3:.00 3.51844E+13 7.03687E+13
3:20 7.03887E+13 1.40737E+14
340 1.40737E+14 2.81475E+14
4:00 2.81475E+14 5.6205E+14
420 5.6295E+14 1.1259E+15
4:40 1{1.1250E+15 2.2518E+15
5:00 22518E+15 4.5038E+15
5:20 4.5036E+15 9.0072E+15
540 6.0072E+15 1.B0144E+16

Should include the formulas used

to generate this data. Did this

student design this spreadsheet?

Baffling Bacteria
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2.11758E-16
4.23516E-16
8.47033E-16
1.89407E-15
3.38813E-15
6.77626E-15
1.35525E-14
2.71051E-14
542101E-14
1.0842E-13
2.1684E-13
4.33881E-13
8.67382E-13
1.73472E-12
3.48045E-12
6.93889E-12
1.38778E-11
2.77556E-11
5.55112E-11
1.11022E-10
2.22045E-10
4.44089E-10
8.88178E-10
1.77638E-09
3.55271E-09
7.10543E-09
1.42109E-08
2.84217E-08
5.68434E-08
1.13887E-07
2.27374E-07
4.54T4TE-07
9.09405E-07
1.81899E-06
3.63798E-06
7.27596E-06
1.45519E-05
2.91038E-05
5.82077E-05
0.000116415
0.000232831
0.000485661
0.000931323
0.001882645
0.00372529
0.007450581
0.014901161
0.020802322
0.050804645
0.11920929
0.238418579
0.476837158
0.953874318
1.907348633

Weight of bacteria (in pounds)

2. 11758E-18
8.35275E-16
1.48231E-15
3.17637E-15
8.58451E-15
1.33408E-14
2.68933E-14
5.39884E-14
1.08208E-13
2.16629E-13
4.33469E-13

8 8715E-13
1.73451E-12
3.46924E-12
6.93868E-12
1.38776E-11
2.77554E-11
5.55109E-11
1.11022E-10
2.22044E-10
4.44089E-10
8.88178E-10
1.77636E-09
3.55271€E-089
7.10543E-09
1.42100E-08
2.84217E-08
5.68434E-08
1.13887E-07
2.27374E-07
4.54747€E-07
9.09495E-07
1.81898E-06
3.63798E-06
7.27596E-06
1.45519E-05
2.91038E-05
5.82077E-05
0.000116415
0.000232831
0.000465661
0.000931323
0.001862645

0.00372529
0.007450581
0.014801161
0.029802322
0.059604845

0.11920929
0.23841857¢9
0.476837158
0.953674318
1.907348633
3.814697266
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Apprentice

6:00
8:20
6:40
7:00

7:40
8:00
8:20
8:40
9:00
9:20
9:40
10.00
10:20
10:40
11:00
11:20
11:40
12:00

Baffling Bacteria

1.80144E+18
3.60288E+16
7.20576E+18
1.44115E+17

2.8823E+17
5.76481E+17
1.15292E+18
2.30584E+18
4.61169E+18
9.22337E+18
1.84487E+19
3.68935E+19

7.3787E+19
1.47574E+20
2.95148E+20
5.90206E+20
1.18058E+21
2.38118E+21
4.72237E+21

3.60288E+16
7.20576E+16
1.44115E+17
2.8823E+17
5.76481E+17
1.15292E+18
2.30584E+18
4.61169E+18
9.22337E+18
1.84487E+19
3.68935E+19
71.3787E+19
1.47574E+20
2.95148E+20
5.90208E+20
1.18059E+21
2.36118E+21
4.72237E+21
9.44473E+21
2000000
pounds

Copyright ©, 2003. Exemplars. All rights reserved.
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3.814697266
7.629394531
15.25878906
30.51757813
61.03515625
122.0703125
244.140625
488.28125
976.5625
1953.125
3906.25
78125
15625

31250
62500
125000
250000
500000
1000000
2.11758E-16

pounds per bacteria

7.629394531
15.25878906
30.51757813
61.03515625
122.0703125
244.140625
488.28125
976.5625
1953.125
3906.25
7812.5
15625

31250

62500
125000
250000
500000
1000000
2000000

11 of 17



Exemplars

Apprentice

It looks as if this chart
was actually used to
solve the problem.

’7(5‘6 it\l;.gﬁdeg \} 04 sothe vule
o0

W en
Time a{ cldu ng’c}cJ(Cﬁﬁ- Total Mﬁ;«}':woFM Total (inlw)
\2]00 em 1000000 [2000000
1K R[] 500000 [\ OO OO0O

N
O

1l 250000 | 5000 0D

JO O 128000 250000
\lc‘a SO 2500 | 1719000
10120 3266 | (©2500
104 0O 15624 3\ 250
qido 7%ILS V5625
9120 396625 1%12.5
qQt00 1a53.125 3%00.25

g yo A6 56 195D 1285
Lk 2.0 148, 29128 976,662
gk 0O 2Y4.Mop2 Y49 2812

: 4O | 22 07%is 244 (4062
Q2o | ———FrE 122 0 7031)
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Practitioner

loday, we wefe Ppresented with
the  math portbolio problem called
\?za(f\ina Bacleria Th this task T 3m
asked Yo find oot 3t What Yime o &£
da% Woold dhe Co\mg of bacteria
00t URigh me, T am presented with
Pre infocmabion Yabk 3 vsackecia
repradoces QUUL* +LDerlé, minotes. T £ one
b acteria enters my Mooth 3\ noon
’rodata, loy Tomorrod noon Hher woold

be 3,000000 poonds of strep throat
acteria |n ™y Yhreoat,

CDT\’\C— Gesd Mq'mé T did was
’\—o Fhink abosot HAis prob\f_m . T woold

need Yo recod e data Ahat T
Co\\CC‘\cA S0 Idcc_{dcd o vSe -

Yable.
P\CASc See ARk ACL{A
TRkl
DN ow, T \aew +Hhar e backera
reproduced Yavee Yimeg every howr:
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Practitioner

SOJI Neecledt "foggure. o0+ how many

+imes Hhe \Oader\a reproduced \n one

daq. T foond Haat bua, mMle%Lnj

AU times Faree T Canae Yo e
conclusion +hat dine \sac\cria re eProcduices
M dimes P caute of one

dbta.

® AN ‘Q‘?ured oot that I neceded 40
pmd oo+ Wow mociy each Daclecia
weighed L vsed 2 table andleptr
Yrack o fF Yhe reprodoction i +Hre
baderis. Then T 4ried Yo divided
Q,000,000 \o%—h.ooq'a %msm
cacolater T was 0Si1ns did Nno +
have Hne capacity Yo do HNs
se T degded b G half oL
1A Wwhickh &S 3. Se T did that
T +hob Ye viombey Q,OOD,OOQ
and divided ¥ by o3 6 Hmes. T+
Wirked, T got e answer 0.00003Y),
So Y vaceria woold tou'ah 0.0000 a4
at midni«awf.
lea se. See. E;ed good reasoning here in dealina
A 'H aChe d Ta_\o |Q with a non-scientific calculator.

)
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Practitioner

@ 1} £ der +\ay \31 \<€p+ -pf“fnc}_
N tHhe wel mo Hpluw
e 4@?‘4\;(\*\‘? I Cao-l-m%

My bod% weiah+4. T was Hnhe
ackeria Weghed k) ,03 5,150
Poonds and ar 1100 weaaned
\33,0703) poonds, T weigh night

In Pe middle of Hrad w0

3+ a,pprommajrdud_bim tnhe acreria

woold potweignh me.
Now in rea \lfc,\"ﬁ&r wooldn't

\f\EPPtﬂ. First of all ) He loactesia woold
no¥ qo onnoticed for That Pesiode

of +ime. H\So,\jour Mroat doesvnot

have e Capaciﬁs, oc Size, to old
all of Hhat bactecia This was alse
\ike one of my ot Prololems, Miracle

" ‘(L, Wineve tne Loolue s P dy went 0P

\O% mol‘n'phdm'% L‘)tﬁ twos, o-\—mubl'SchllZA
ecpunenhal 9ot This cart 0ses

C.X(OOﬂQn Jﬁ ﬁ\ %O(DHQ Q,\ D. Shows recognition of underlying
math concept of the task and

Good estimation powers compares to another task, but
used here. More good
mathematical reasoning.

could develop that further.
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Expert

HEAVYWEIGHT BACTERIA

My weight is about 61 pounds. The bacteria weigh 2,000,000 pounds after 24
hours, having doubled in weight ever 20 minutes.

2000000 / 61 = 32787 (rounded to the nearest integer)

2 15th = 32768 which is very close to 32787
So the bacteria double in weight just over 15 times after they weighed the same
as me.

15 X 20 mins = 300 mins = 5 hours
So the bacteria weight the same as me about 5 hours before they weight
2,000,000 pounds. The first bacterium was inhaled at 12 noon and 24 hours
later would be 12 noon the next day. 5 hours earlier than that would be 7:00
a.m. the next day, when the bacteria weight about the same as me.

As a check, assume the bacteria weighed exactly 61 pounds at 7:00 a.m. the
next day, when the bacteria weighed about the same as me.

Time Weight of Bacteria Good use of math
(in pounds) language.

7:00 a.m. 61

7:20 a.m. 122

7:40 a.m. 244

8:00 am. 488

8:20 a.m. 976 Good method of

8:40 a.m. 1,952 verification.

9.00 a.m. 3,904

9:20 a.m. 7.808

9:40 a.m. 15,616

10:00 a.m. 31,232

10:20 a.m. 62,464

10:40 a.m. 124,928

11:00 a.m. 249,856

11:20 a.m. 499,712 Good mathematical

11:40 a.m. 999,424 &ommen’c on solution]

12 noon 1,998,848

The chart shows that if the bacteria weighed exactly 61 pounds at 7:00 a.m., that
they would weigh exactly 1,998,848 pounds at 12 noon (24 hours after start).
1,998,848 is 1,152 less than 2,000,000 which is an error of only 0.0576%.
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